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Abstract
In the previous paper hep-lat/9905001, we studied the overlap fermion formalism by
using solvable model with spontaneous chiral symmetry breaking, the gauged Gross-
Neveu model in 2 dimensions. There the interaction terms are local and invariant
under the ordinary chiral transformation but they break Lu¨sher’s extended chiral
symmetry on a lattice which is respected by the kinetic term of fermion. Then we
showed that the flavour-nonsinglet pion mass is proportional to the bare fermion mass
and the PCAC relation is satised in the continuum limit. This means that the bare
mass is only the parameter which measures deviation from the exact chiral symmetry
in the continuum limit. In this paper we modify the interaction terms of the model to
be invariant under the extended chiral transformation. We show that the pion mass





Lattice fermion formulation is one of the most important problem in the lat-
tice eld theory. Recently a promising formalism was proposed, the overlap fermion
formalism[1], and after that there appeared a lot of works on that. Importance of the
Ginsparg and Wilson (GW) relation[2] was stressed there.
In a previous paper[3], we studied the overlap fermion by using a solvable model,
the gauged Gross-Neveu model in 2 dimensions. There the kinetic term of fermion is
given by the overlap formula. The kinetic term of the overlap formula is not invariant
under the ordinary chiral transformation but there exists an extended chiral symmetry
in the overlap fermion[4]. The four-Fermi interaction term in Ref.[3] is local one which
is invariant under the ordinary chiral transformation but breaks the extended chiral
symmetry. We showed that the pion mass is proportional to the bare femion mass in
the continuum limit, though neither the ordinary nor the extended chiral symmetry is
an exact symmetry of the system even if the bare fermion mass MB = 0. This result
means that the overlap fermion is better than the Wilson fermion in which a ne
tunning between the Wilson parameter and the bare fermion mass is necessary. On
the other hand a drawback of the overlap fermion is its nonlocality or more precisely
\quasi-locality" as discussed in Ref.[5]. Anyway the above result is rather encouraging
for formulation of lattice eld theory with a symmetry. For example, it is dicult to
formulate supersymmetry (SUSY) as an exact symmetry on a lattice but the above
result suggets the possibility that SUSY is restored in the continuum limit if SUSY
is formulated properly on a lattice as an approximate symmetry[6].
In this paper we shall revisit the same model but modify the interaction terms in
order to respect the extended chiral symmetry.1 As a result, only the fermion bare
mass breaks the extended chiral symmetry (and the measure of the path-integral of
fermions), whereas the interaction terms become nonlocal. The model is given by the
1Similar modification is discussed in Ref.[7].
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where Uµ(n) is U(1) gauge eld dened on links,  
l
α ( = 1; :::; N; l = 1; :::; L) are
fermion elds with flavour index l, and the matrix  i (i = 0; :::; L2 − 1) acting on the
flavour index is normalized as





; f i;  jg = dijkk: (3)
The covariant derivative of the overlap fermion D(n;m) which satises the GW rela-
tion



























2n,m − m+µ,nUµ(m)− m,n+µU yµ(n)
]
; (5)
where r and M0 are dimensionless nonvanishing free parameters of the overlap lattice
fermion formalism[1, 8]. For the vanishing bare fermion mass MB = 0, the action (1)
is invariant under the following extended chiral transformation,






 (n) !  (n) +  (n)kkγ5;
i(n) ! i(n) + dikjkj5(n);
i5(n) ! i5(n)− dikjkj(n); (6)
where i is an innitesimal transformation parameter.




















We expect that the eld 0 acquires a nonvanishing vacuum expectation value




and we dene subtracted elds,
’0 = 0 −
p
NLMs;
’i = i (i 6= 0); ’i5 = i5: (9)

























































As in the previous case, it is straightforward to perform the 1=N -expansion to
obtain the VEV Ms, the pion mass, etc. The gauge potential is introduced as
U(n; ) = exp( iap
N
µ(n)). From (10), the fermion propagator is obtained as
D0−1M(0) =
afcb(p) + (c−Ma)!(p)g − icγµ sin(apµ)
































































[D  D ]e−S : (16)































h (k)  (k)i
]}
= ij [+ A^(p;M)]; (18)
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From (19), it is obvious that the mass of the quasi-NG boson ’5 is proportional
to the bare fermion mass MB and vanishes as MB ! 0. It is the result at finite
lattice spacing a and comes from the extended chiral symmetry though the modied
interaction terms are nonlocal. Therefore as discussed in Ref.[5], the nonlocality of
the overlap fermion does not generate any serious problems on physical result as far
as gauge eld congurations are smooth enough.2
The momentum dependent term in (18) has a rather complicated form at nite







p2 + 22 +
√
(p2 + 22)2 − 44
p2 + 22 −
√





where  = M0M and therefore the pion mass is given as m
2
pi = 2M
2. In a similar
way, the mixing term of the gauge eld and the flavour-singlet \pion" ’05 is given in














This mixing term is related with the chiral anomaly and it coincides with the standard
form only in the continuum limit. This indicates that the chiral anomaly which
appears from the measure of the fermion path integral coincides with its standard
form only in the contunuum limt.3
2The Goldstone theorem assumes the locality of the current. For the overlap fermion, see Ref.[9].
3However there is some argument claiming that the chiral anomaly of the standard form appears
even at the finite lattice spacing[10] (see also later discussion on the PCAC relation).
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Let us turn to the Ward-Takahashi (WT) identity for the axial-vector current;
the PCAC relation. We perfom the following change of variables in the functional
integral of the partition function,










i(n) ! i(n) + dikjk(n)j5(n);
i5(n) ! i5(n)− dikjk(n)j(n); (22)














i = 0; (23)

















K5nµ(l; m) m: (24)
The terms proportinal to the boson elds andMs in Eq.(24) come from the interaction
terms of the fermions and bosons in the action (10) and explicit form of K5nµ(l; m) is


































This PCAC relation was also obtained in the previous paper. But in the present
formulation of the lattice Gross-Neveu model, the extended chiral symmetry is broken
only by the fermion bare mass and the path-integral measure, and then the desired
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PCAC relation (besides the anomaly term) is obtained rather straightforwardly from
(23) and (25) at finite lattice spacing.
In the previous paper we studied the gauged Gross-Neveu model with the overlap
fermion. The interaction terms are invarinat under the ordinary chiral transformation
but not invarinat under the extended chiral transformation. We showed there that
the desired results for the pion mass, anomaly and the PCAC relation are obtained
in the continuum limit. This means that the chiral symmerty is restored, besides
anomaly, in the continuum limit. This result is rather encouraging, for example, for
formulation of the SUSY on a lattice.
In this paper, we modied the interaction terms in such a way that the action
is invariant under the extended chiral transformation. Then the action containes
nonlocal interaction terms. We showed that the pion mass is proportional to the bare
fermion mass and the PCAC relation is satied in the desired form even at nite
lattice spacing. This means that the extended chiral symmetry workes properly as
a genuine continuous symmetry and the nonlocality of the transformation and the
action does not generate any serious issues on the physical results.
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